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We obtain analytically close forms of benchmark quantum dynamics of the collapse and revival
(CR), reduced density matrix, Von Neumann entropy, and fidelity for the XXZ central spin problem.
These quantities characterize the quantum decoherence and entanglement of the system with few
to many bath spins, and for a short to infinitely long time evolution. For the homogeneous central
spin problem, the effective magnetic field B, coupling constant A and longitudinal interaction ∆
significantly influence the time scales of the quantum dynamics of the central spin and the bath,
providing a tunable resource for quantum metrology. Under the resonance condition B = ∆ = A,
the location of the m-th revival peak in time reaches a simple relation tr ≃ piNA m for a large N . For
∆ = 0, N →∞ and a small polarization in the initial spin coherent state, our analytical result for the
CR recovers the known expression found in the Jaynes-Cummings model, thus building up an exact
dynamical connection between the central spin problems and the light-matter interacting systems
in quantum nonlinear optics. In addition, the CR dynamics is robust to a moderate inhomogeneity
of the coupling amplitudes, while disappearing at strong inhomogeneity.
PACS numbers: 03.67.-a, 02.30.Ik,42.50.Pq
Quantum dynamics of many-body systems has been a
long-standing challenge in physics [2–4, 4, 5]. It is al-
ways a formidable task for physicist, due to the difficulty
of analytically deriving many-body eigenfunctions and
the exponentially growing complexity of numerics [6–8].
Over a decade, important progresses, which have been
made in a variety of fields, such as atomic qubits cou-
pled to a cavity [9–12], central spin problems [7, 13–20],
resonant superconductor qubits [21–25], long range inter-
acting spin chains of Rydberg atoms [26, 27], are greatly
improving our understanding of quantum dynamics and
entanglement of many-body systems.
In this context, exact Bethe ansatz solvable models
have been particularly fruitful to the study of quantum
dynamics of this kind, for example, integrability-based
central spin problems [28–39], atom-field interacting sys-
tems in quantum nonlinear optics [4, 40, 41], thermaliza-
tion and quantum dynamics [42–45], and quantum hy-
drodynamics [46, 47], etc. However, the problem of the
size of the Hilbert space increasing exponentially with the
particle number still prohibits full analytical accesses to
the quantum dynamics at a many-body level. Therefore,
it is extremely rare to find an exact quantum dynamics
of integrable models. Here we circumvent the complex-
ity of the usual Bethe ansatz [48] and develop analytical
approaches to the homogeneous central spin problems,
obtaining a full characterization of their quantum dy-
namics through simple closed-form expressions. We fur-
ther substantiate the relevance of the analytical results
through exact numerical simulations, showing that main
predicted features, like the occurrence of collapse and re-
vival (CR) dynamics, are robust to inhomogeneity.
Quantum collapse and revival. One class of
integrable systems with long-range interactions, called
Richardson-Gaudin models [49–51], has found interesting
applications in various physical problems [14, 34, 35, 52].
The XXZ central spin problem, i.e. a central spin coupled
to N bath spins, is described by the Hamiltonian
H = Bsz0 + 2
N∑
j=1
[
Aj(s
x
0s
x
j + s
y
0s
y
j ) + ∆j s
z
0s
z
j
]
, (1)
whereB is an effective external magnetic field for the cen-
tral spin [53], N is the number of spins in the bath, Aj is
the transverse coupling amplitude, and ∆j is the longitu-
dinal interaction. The model (1) is integrable if ∆j and
Aj are related through ∆
2
j−A2j = Const., see [32, 38, 39].
Although this type of models, e.g. (1), were known as an
exactly solvable model long time ago [50], the binomial
sets of Bethe ansatz roots CMN+1 impose a big numeri-
cal challenge in calculation of quantum dynamics of this
model [6, 7, 36, 37]. Here M is the number of total down
spins in the system. Importance of Hamiltonian (1) is in
its promising applications to realistic problems in quan-
tum metrology, based on Nitrogen Vacancy (NV) centers
[54], highly symmetric molecules with N nuclear spins
coupled to the nuclear spin of a central atom [5, 55], etc.
The general central spin problem with non-uniform
couplings, for example, Aj = A exp(−α(j − 1)/N) where
α is the inhomogeneity parameter, is integrable but its
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FIG. 1: The central spin polarization evolves in time under
different values of the magnetic field B, and longitudinal inter-
action ∆. In contrast to a two-level atom coupled to a cavity
[4], here we demonstrate that at resonance ∆ = A = B = 1,
the quantum CR can be observed even for a small system size
N = 8 (for N = 4, 6, see the SM [58]). Such a small number
of bath spins are experimentally accessible, for example by
superconducting circuits [23, 24].
dynamics is still challenging to analyze. We first ana-
lytically solve the dynamical evolution for the homoge-
neous case, namely Aj = A,∆j = ∆, and later analyze
the effect of inhomogeneity for the CR. The homogenous
central spin problem (see, e.g., Refs [14, 35, 56]) enables
one to derive exact expressions of the quantum dynam-
ics since bath spins can map onto a large spin operator
J =
∑N
j=1 sj. Thus Eq. (1) can be rewritten as
H = Bsz0 +A
(
s+0 J
− + s−0 J
+
)
+ 2∆sz0J
z . (2)
Below we analytically derive the CR dynamics, reduced
density matrix, Von Neumann entropy, and fidelity, pro-
viding an important benchmark quantum dynamics of
this class of models.
The phenomenon of quantum CR has long been stud-
ied in quantum nonlinear optics [4]. However, there
still lacks a comprehensive understanding of such phe-
nomenon in interacting spin systems [14, 34–37, 57]. In
order to overcome the exponentially increasing scales
in solving the Bethe ansatz equations of the Gaudin
magnet (1), here we directly calculate the wave func-
tion under a unitary time evolution of the Hamilto-
nian (2), i.e. |ψ(t)〉 = e−iHt|Φ0〉. In the initial state
|Φ0〉 = | ↑〉0 ⊗ |Φbath〉 with |Φbath〉 = ⊗Nj=1[sin(θ/2)| ↑
〉j + cos(θ/2)| ↓〉j ] (see, e.g., Refs [14, 56]). The spin co-
herent state can be written in terms of the Dicke states as
|Φbath〉 =
∑N
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n|n〉 with
|n〉 = |N2 , n− N2 〉. The Dicke state is the eigenstate of the
operators J2 and Jz . For example, Jz |n〉 = (−N2 +n)|n〉,
J−|n〉 = √bn|n − 1〉, and J+|n〉 =
√
bn+1|n + 1〉 with
bn = n(N − n+ 1). We develop a recurrence method to
determine the wave function and the dynamical property
of the system. After a lengthy calculation, we may ob-
tain an explicit form of the wave function at arbitrary
times, i.e.
|ψ(t)〉 =
N∑
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n
× [Pn↓ (t)| ↓〉0|n+ 1〉+ Pn↑ (t)| ↑〉0|n〉] , (3)
where the parameters are defined as follows: Pn↑ =
−i (∆n+1/Ωn+1) sin(Ωn+1t2 ) + cos(Ωn+1t2 ) and Pn↓ =
−i2 (√bn+1A/Ωn+1) sin(Ωn+1t2 ) with ∆n = B + (2n −
1 − N)∆ and Ω2n = ∆2n + 4bnA2, see the SM [58] for a
detailed derivation. We observe that the Rabi oscillation
frequency Ωn has an essential dependence on the coupling
parameters A, ∆, and the effective magnetic field B. The
flip-flop interaction, i.e., the second term of Eq. (2), leads
to the state change between | ↓〉0|n+ 1〉 and | ↑〉0|n〉.
Using the closed-form of the wave function (3), the
time evolution of the central spin polarization Sz0 (t) =
〈ψ(t)|sz0|ψ(t)〉 can be calculated in a straightforward way.
By a lengthy algebra, we obtain an explicit form of the
quantum CR of the homogeneous central spin problem
Sz0 (t) =
1
2
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
×
[
∆2n+1
(Ωn+1)2
+
4bn+1A
2
(Ωn+1)2
cos(Ωn+1t)
]
. (4)
This compact form of the quantum CR describes a very
rich quantum dynamics of the many-body problems (2),
see Fig. 1. The effective magnetic field B, the coupling
constant A, the longitudinal interaction ∆, and the num-
ber of bath spins N all play an important role in con-
trolling the features of the quantum CR dynamics. The
Rabi oscillation frequency Ωn =
√
∆2n + 4bnA
2 depends
not only on the the Dicke state n but also on the cou-
pling constant A and the longitudinal interaction ∆. For
a large ∆, the collapses disappear whereas the revival
period become shorter. An almost perfect CR occurs at
the resonance ∆ = A = B. The interaction effect, driven
by ∆, strongly influences the frequency of the oscillation,
amplitudes of the revivals and the fidelity of the central
spin. It is particularly interesting to observe that a finite
∆ facilitates the quantum revivals even for a very small
number of bath spins. This can help with experimen-
tal control of quantum dynamic transfers in such kind of
systems, see the SM [58] for a detailed discussion.
Under such resonance condition B = ∆ = A, the oscil-
lation frequency becomes Ωn = A
√
4n+N2. Thus the
revival peak times tr satisfy a simple relation
(Ωn+1 − Ωn)tr = 2πm (m = 1, 2, 3, · · · ), (5)
namely, the neighbouring oscillation terms differ by an in-
teger times 2π. For a large bath size, i.e. N ≫ 1, we get
the location of the m-th revival peak in time tr ≃ piNA m,
which is confirmed in Fig. 2. It is linearly proportional to
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FIG. 2: (a): Time evolution of the central spin polarization for
different bath spin sizes N ∈ [50− 250], with particle number
step δN = 20. All the curves are shifted upward by one for
N > 50. We use the circles and dashed lines to mark the
revival peaks. The times of the revival peaks depend linearly
on the bath size N , see the main text. Time evolution of the
central spin polarization for a smaller value of N = 15 (b),
together with the corresponding quantum purity (c), and Von
Neumann entropy (d). Here B = ∆ = A = 1.
the bath spin number N . In Fig. 4, we will discuss how
the initial revival dynamics remains almost unaffected by
a relatively large inhomogeneity, α ∼ 1. This CR dynam-
ics is distinct from the revivals observed in the spin-echo
signal of central spin systems, when the evolution time is
a multiple of the nuclear Larmor periods [59–61] (thus,
that revival time is independent of N).
Decoherence and entanglement. In order to char-
acterize the nature of entanglement between the bath and
the central spin, we further calculate the reduced density
matrix of the central spin by tracing out the degrees of
freedom of the bath spins {|n〉〈n|}
ρcs = Tr{|n〉〈n|} [|ψ(t)〉〈ψ(t)|] =
(
A(t) B(t)
B(t)∗ 1−A(t)
)
,
(6)
where the matrix elements read
A(t) =
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n|Pn↑ |2,
B(t) =
N∑
n=0
√
Cn+1N C
n
N [sin
2(θ/2)]n+
1
2 [cos2(θ/2)]N−n−
1
2
×Pn+1↑ (Pn↓ )∗.
FIG. 3: Contour plots of fidelity vs the phase φ for different
values of θ. (a)-(c): time evolution of the fidelity of the re-
duced density matrix of the central spin ρcs against the state
|φ〉 = 1√
2
[| ↑〉0 + e−iφ| ↓〉0]. Panels (d) and (e) show time
evolution of the the fidelity for the phase angles φ = pi/2 and
φ = 3pi/2. In all panels, B = ∆ = A = 1.
The purity and Von Neumann entropy, which charac-
terize the entanglement between the central spin and
the bath spins, are given explicitly via the relations
γ ≡ Tr[ρ2cs] and S(ρcs) ≡ −Tr[ρcs ln ρcs]. They are dis-
played in Fig. 2(c,d), showing an important decoherence
effect: while the central spin entropy (purity) is initially
small (large) at the CR points, it gradually increases (de-
creases) with time. As a consequence, the CR gradually
vanish in the long time limit.
We further look at the fidelity of ρcs with respect to
the state |φ〉 = 1√
2
(| ↑〉0 + e−iφ| ↓〉0). By definition, the
fidelity is given by F (ρcs, ρφ) =
√
〈φ|ρcs|φ〉 for the pure
state ρφ, leading to
F =
√
[1 +Be−iφ +B∗eiφ]/2. (7)
In Fig. 3, we contour plot F in the phase-time plane
(φ, t). It is interesting to observe that fidelity oscillations
with high contrast occur for the two special values of the
phase φ = pi2 or φ =
3pi
2 . As seen from Fig. 3(a-c), the op-
timal choices of φ are independent of θ [58]. The fidelity
peaks occur around the middle points of the collapse re-
gions and are over 92% in Fig. 3(d-e), where θ = π/2.
Instead, moving away from θ = π/2 causes a reduction
of the maximum fidelity. The slow decay of the oscil-
lations means that the central spin is able to decouple
periodically from the bath. A longer decoherence time
may facilitate dynamical control of entangled states in
NV center devices [54].
Statistical nature of the generalized Jaynes-
Cummings model. We now give an exact mapping
between the homogenous XXZ central spin problems
and the atom-field interaction model in quantum non-
4linear optics. From the Holstein-Primakoff transforma-
tion J+ =
√
Na†
√
1− a†a/N , J− =
√
N
√
1− a†a/Na,
and Jz = −N2 + a†a, where a (a†) is a bosonic annihila-
tion (creation) operator, we may build a deep connection
between the central spin problems and the matter-light
interaction systems [4]. In the large N limit, the Hamil-
tonian Eq. (2) becomes (up to a constant)
H = B′sz0 +
√
NA
[
s+0 a+ s
−
0 a
†]+2∆sz0a†a+ ha†a, (8)
where the effective magnetic field is B′ = B + h and h
is related to the light frequency [62], whereas
√
NA is
related to the coupling constant between the atom and
bosonic mode [4, 40, 63]. This model (8) can be regarded
as a generalized Jaynes-Cummings (JC) model, in which
the atomic transition frequency also depends on the num-
ber of photons. For ∆ = 0, the central spin problem
Hamiltonian (2) exactly reduces to the JC model.
In order to see a dynamical connection between the two
systems, let’s define the inversion Wcs(t) of the central
spin following the JC model. The inversion is immedi-
ately found from Eq. (4), sinceWcs(t) = 〈ψ(t)|σz |ψ(t)〉 =
2Sz0 . Using the Poisson limit theorem when N → ∞
and p → 0, we have CnNpn(1 − p)N−n ≃ e−λ λ
n
n! , where
λ = Np. Then, taking the limit θ → 0 for the initial an-
gle, we find CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n ≃ e−ζ2 (ζ2)nn! ,
where ζ2 = N sin2(θ/2). As a consequence, the inversion
is given by
Wcs(t) =
∞∑
n=0
e−ζ
2 (ζ2)n
n!
×
[
∆2n+1
(Ωn+1)2
+
4(n+ 1)NA2
(Ωn+1)2
cos(Ωn+1t)
]
. (9)
Here the parameters read ∆n+1 = B −N∆ and Ωn+1 =√
∆2n+1 + 4(n+ 1)NA
2. This is nothing but an exact
result of quantum CR of the generalized JC model (8).
Moreover, taking the limit ∆→ 0, the expression Eq. (9)
recovers Eq. (6.2.21) of Ref. [4] for the JC model, see also
Fig. S10 in the SM [58]. The exact correspondence be-
tween the special case of the XXZ central spin problems
(2) and the JC model reads:
Central spinmodel JC model
B → ∆JC√
NA → g
ζ2 → 〈n〉
(10)
where the parameters of the Jaynes-Cummings model are
respectively the detuning, the coupling between the pho-
ton and atom, and the average photon number. This
correspondence presents a deep relation between the two
types of models, i.e., a large number of bath spins with
a particular choice of the spin coherent state (θ → 0)
can be regarded as a single-occupied-multilevel fermionic
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FIG. 4: Effect of inhomogeneity on the CR dynamics.
(a): Coupling strengths Aj = A exp(−α(j − 1)/N), with
α = 0, 1, 5, corresponding to homogeneous, intermediate,
and strongly inhomogeneous couplings, respectively. (b)-(d):
Time evolution of Sz0 obtained from Eq. (1) using ∆j =
Aj , A = 1, N = 12, B = 1, and the three chosen values of α.
(e)-(g): Expectation values of the collective bath projector.
field that naturally reduces to a bosonic field, revealing a
statistical nature of Holstein-Primakoff transformation.
Inhomogeneous central spin problem. In order
to assess the effect of inhomogeneity on the quantum
dynamics discussed so far, we diagonalize Eq. (1) with
different values of the inhomogeneity parameter α. The
wave function and central spin polarization for the inho-
mogeneous model, at arbitraryM and time, are obtained
in the SM [58]. We observe that a strong inhomogeneity
of the coupling amplitudes leads to a breakdown of CR
dynamics, see Fig. 4(d). However, we also find that with
∆j = Aj the revivals are remarkably robust to moderate
values of the inhomogeneity, α ∼ 1.
To shed some light to the origin of such behavior, we
introduce the collective bath projector Pˆbath =
∑
n |n〉〈n|
onto the states with maximal eigenvalue of J2. For a large
inhomogeneity factor α, the expectation value
Pbath(t) = 〈Pˆbath〉 =
∑
n
|〈n|ψ(t)〉|2 (11)
quickly decays to small values, see Fig. 4(g). Instead,
persistence of Pbath ∼ 0.99 shown in Fig. 4(f) corresponds
to the robust CR dynamics of panel (c). Interestingly, the
decay of Pbath(t) with inhomogeneous couplings depends
sensitively on the isotropy of the interactions, being much
quicker in the Ising case (Aj = 0) [58]. We also obtain
evidence from the numerical simulations (N ≤ 12) that
the CR dynamics at given α 6= 0 persists for a longer time
with larger number of bath spins. These observations
reveal the subtle dependence of CR with respect to the
Hamiltonian parameters. In the SM [58] we also explore
how CR signatures appear by gradually increasing the
degree of bath spin polarization.
In summary we have obtained the benchmark quantum
5dynamics of the XXZ central spin problem with homoge-
nous and inhomogeneous coupling amplitudes. Analyt-
ical results of quantum CR, entanglement entropy and
fidelity provide rich insights into quantum dynamic con-
trol of entangled states for quantum metrology. The ef-
fects of inhomogeneity on the robustness and decay of
the CR have been studied as well. Our methods can be
directly applied to high central spin problems as well as
models of multiple atoms coupled to a cavity in quantum
nonlinear optics.
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Supporting Material for “Exact quantum dynamics of XXZ central spin problems”
Wen-Bin He, Stefano Chesi, H.-Q. Lin, Xi-Wen Guan
The evolution of wave function is the first step to access quantum dynamics of the considered many-body system.
In this supplementary material, we present in detail the derivation of the wave function of homogeneous XXZ central
spin problems. Using the obtained exact wave function, we further derive the time evolution of important physical
quantities, like the spin polarization, quantum purity, Von Neumann entropy, coherence factor of the central spin,
etc. These results not only provide benchmark dynamics of the XXZ central spins problems but also build an exact
dynamical connection with models in quantum nonlinear optics, such as the Jaynes-Cummings model, etc. The
methods developed here can be extended to other cases, for example, high central spin problems, multiple atoms
coupled to a bosonic mode in quantum nonlinear optics, etc. Finally, we discuss the influence of inhomogeneous
coupling to the collapse and revival.
TIME EVOLUTION OF THE WAVE FUNCTION
The Hamiltonian of the homogeneous XXZ central spin model can be written as
H = Bsz0 + 2
N∑
j=1
[A(sx0s
x
j + s
y
0s
y
j ) + ∆s
z
0s
z
j ]. (S1)
For our convenience, in the following derivation we introduce the large spin operator J =
∑N
j=1 sj. Then, the
Hamiltonian is transformed into the form
H = Bsz0 +A(s
+
0 J
− + s−0 J
+) + 2∆sz0J
z. (S2)
If the bath spins are prepared in a spin coherent state |θ〉 = ⊗Nj=1[sin(θ/2)| ↑〉j + cos(θ/2)| ↓〉j], which can be written
in terms of Dicke states as |θ〉 = ∑Nn=0√CnN [sin(θ/2)]n[cos(θ/2)]N−n|n〉 ( |n〉 = |N2 , n − N2 〉 is the eigenstate of J2
and Jz), the initial state reads
|Φ0〉 = | ↑〉0 ⊗
[
N∑
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n|n〉
]
. (S3)
We first assume, like in (S3), that the central spin is in the up state, in order to derive the mapping between the
central spin problem (S2) and the Jaynes-Cummings model given by M. O. Scully et al., Quantum Optics [4]. If the
central spin is initially in the the down state, the solution can be derived in a similar manner and is presented in
Eq. (S16).
Due to the unitary evolution of wave function, we have
|ψ(t)〉 = e−iHt|Φ0〉 =
∞∑
m=0
(−it)mHm/m!|Φ0〉
=
N∑
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n
∞∑
m=0
(−it)mHm/m!| ↑〉0|n〉. (S4)
Using the following eigenstate relation of angular momentum operators J2,Jz
J−|n〉 =
√
bn|n− 1〉,
J+|n〉 =
√
bn+1|n+ 1〉,
where bn = n(N − n+ 1), we obtain:
H | ↑〉0|n〉 = wn| ↑〉0|n〉+
√
bn+1| ↓〉0|n+ 1〉,
H | ↓〉0|n〉 = −wn| ↓〉0|n〉+
√
bn| ↑〉0|n− 1〉,
1
where we denoted wn = B/2 + (n −N/2)∆. By defining Sm = Hm| ↑〉0|n〉 and tm = Hm| ↓〉0|n〉, we further derive
the following recurrence relations by applying the Hamiltonian m times on the Dicke states | ↑〉0|n〉, | ↓〉0|n〉
Sm+2 + (wn+1 − wn)Sm+1 − (bn+1A2 + wnwn+1)Sm = 0, (S5)
tm+2 + (wn − wn−1)tm+1 − (bnA2 + wn−1wn)tm = 0. (S6)
Here the calculation is rather involved but straight forward. The initial conditions for the above recurrence relations
read
S0 = | ↑〉0|n〉, S1 = wn| ↑〉0|n〉+
√
bn+1A| ↓〉0|n+ 1〉,
t0 = | ↓〉0|n〉, t1 = −wn| ↓〉0|n〉+
√
bnA| ↓〉0|n− 1〉.
In view of the characteristic equation of recurrence relation Sm
λ2 + (wn+1 − wn)λ− (bn+1A2 + wnwn+1) = 0, (S7)
we obtain the characteristic roots of above equation
λ1,2(n) =
(wn − wn+1)±
√
(wn + wn+1)2 + 4bn+1A2
2
.
Using the above initial conditions, the series Sm is given by
Hm| ↑〉0|n〉 = Sm = S1 − λ2(n)S0
λ1(n)− λ2(n)λ
m
1 (n) +
λ1(n)S0 − S1
λ1(n)− λ2(n)λ
m
2 (n). (S8)
We further obtain series tm by the same method. We only need replacing the initial conditions S0 and S1 with t0
and t1, leading to:
Hm| ↓〉0|n〉 = t1 − λ2(n− 1)t0
λ1(n− 1)− λ2(n− 1)λ
m
1 (n− 1) +
λ1(n− 1)t0 − t1
λ1(n− 1)− λ2(n− 1)λ
m
2 (n− 1). (S9)
The functions Sm and tm are actually related in the following way:
tm(n+ 1) = Sm(n).
By substituting the expression of Sm into Eq. (S4), we obtain the wave function
|ψ(t)〉 =
N∑
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n
[
S1 − λ2S0
Ωn+1
exp[−iλ1t] + λ1S0 − S1
Ωn+1
exp[−iλ2t]
]
. (S10)
Substituting the initial condition S0, S1 and the characteristic roots into the above formula, we obtain the wave
function at arbitrary times
|ψ(t)〉 = e−iθ(t) ·
N∑
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n
[
Pn↓ (t)| ↓〉0|n+ 1〉+ Pn↑ (t)| ↑〉0|n〉
]
. (S11)
Here the global phase θ(t) can be omitted and the two amplitudes are given by
Pn↑ = −i
∆n+1
Ωn+1
sin(
Ωn+1t
2
) + cos(
Ωn+1t
2
),
Pn↓ = −i
2
√
bn+1A
Ωn+1
sin(
Ωn+1t
2
).
In the above equations, the parameters were denoted by
bn = n(N − n+ 1),
∆n = B + (2n− 1−N)∆,
Ωn =
√
∆2n + 4bnA
2. (S12)
It is worth noting that the roots λ1,2 are the eigenvalues of the Hamiltonian (S2). After obtaining the wave function,
we can derive spin polarization, reduced density matrix, quantum purity, Von Neumann entropy, etc. We will discuss
these properties below.
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FIG. S1: Comparison between our analytical result of the central spin polarization, Eq.(S15) (solid red line), and the exact
diagonalization result (dashed blue line). Here we set the bath spins N = 8, magnetic field B = 0.5, coupling A = ∆ = 0.5.
MAIN RESULTS
Spin polarization.
By using above wave function, Eq. (S11), we can get spin polarization and reduced density matrix of the central
spin, which are defined as below
Sz0 (t) = 〈ψ(t)|sz0|ψ(t)〉, (S13)
ρcs = Tr{|n〉〈n|} [|ψ(t)〉〈ψ(t)|] . (S14)
We concentrate on the spin polarization of central spin Sz0(t). The interesting result is that spin polarization of the
central spin displays quantum collapse and revivals, like the inversion of the Jaynes-Cummings model [4]. Although the
phenomenon of quantum collapse and revival had been numerically studied in Ref. [5], here we obtain the exact form
of the quantum collapse and revival in the homogeneous XXZ central spin model, given by the following expression
Sz0 (t) =
1
2
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
[
∆2n+1
(Ωn+1)2
+
4bn+1A
2
(Ωn+1)2
cos(Ωn+1t)
]
, (S15)
where parameters are defined as in the previous Eq. (S12). A comparison between our analytical result Eq. (S15) and
exact diagonalization shows a perfect agreement, see Fig. S1. Here we observe that the longitudinal interaction ∆
facilitates the quantum revival even for small bath size. For example, such revivals can be observed for N = 4, 6, 8,
see Fig. S2. This observation could help the experimental realization of the quantum collapse and revival through
quantum devices, such as superconducting circuits [7].
As discussed in the main text, the resonant condition B = ∆ = A is most favorable to observe the collapse and
revival dynamics. However, the phenomenon is also significantly affected by the number of bath spins N and the
initial value of the polarization. We show some examples in Fig. S3.
If the central spin is prepared in the spin-down state, namely the initial state is |Φ0〉 = | ↓〉0⊗|θ〉, the wave function
at arbitrary times is given by
|ψ(t)〉 =
N∑
n=0
√
CnN [sin(θ/2)]
n[cos(θ/2)]N−n
[(
i
∆n
Ωn
sin(
Ωnt
2
) + cos(
Ωnt
2
)
)
| ↓〉0|n〉 (S16)
−i2
√
bnA
Ωn
sin(
Ωnt
2
)| ↑〉0|n− 1〉
]
.
Thus the spin polarization of central spin obeys the evolution
Sz0 (t) = −
1
2
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
[
∆2n
(Ωn)2
+
4bnA
2
(Ωn)2
cos(Ωnt)
]
. (S17)
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FIG. S2: Spin polarization of the central spin for small bath size N = 4, 6, 8. The magnetic field and coupling are B = ∆ =
A = 0.5.
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FIG. S3: Spin polarization of the central spin for different bath sizes and initial state angles. Magnetic field and coupling are
B = ∆ = A = 1.
Effect of Randomness in Bath spins.
The density matrix of the spin coherent state is chosen as ρ(θ, ϕ) = |θ, ϕ〉〈θ, ϕ|, here the spin coherent state is given
by
|θ, ϕ〉 = ⊗Nj=1[sin(θ/2)e−iϕ| ↑〉j + cos(θ/2)| ↓〉j]
=
N∑
n=0
√
CnN [sin(θ/2)]
ne−inϕ[cos(θ/2)]N−n|n〉, (S18)
here |n〉 denotes Dicke state. We take the ensemble average of the density matrix ρ(θ, ϕ) over the solid angles
ρ′ =
∫
ρ(θ, ϕ)
dΩ
4π
=
∫
ρ(θ, ϕ)
sin(θ)dθdϕ
4π
(S19)
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FIG. S4: The central spin polarization evolves in time for the initial state ρ0 = | ↑〉 ⊗ ρb, where the bath spins are in different
mixed state ρb = ⊗Nj=1[(1+ p)/2|+〉〈+|j +(1− p)/2|−〉〈−|j ] with parameter p ∈ [−1, 1]. The revival and collapse does not exist
for a fully mixed state of the bath. Large polarization along the x-axis endow system with collapse and revival. In this figure
we set N = 10, A = ∆ = B = 1.
We thus get
ρ′ =
N∑
m=0
N∑
n=0
∫ √
CmNC
n
N [sin(θ/2)]
m+ne−i(m−n)ϕ[cos(θ/2)]2N−m−n
sin(θ)dθdϕ
4π
|m〉〈n|
=
N∑
n=0
∫ pi
0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
sin(θ)dθ
2
|n〉〈n|
=
N∑
n=0
2CnN
∫ pi/2
0
[sin2(x)]n+1/2[cos2(x)]N−n+1/2dx|n〉〈n|
=
N∑
n=0
CnNB(n+ 1, N − n+ 1)|n〉〈n| (S20)
where B(x, y) is the Beta function. The ensemble average of the density matrix of the spin coherent state is not equal
to the Boltzman distribution e−βH at infinite temperatures. This is mainly due to the fact that the averaged density
matrix of spin coherent state is block diagonal, whereas the Boltzman distribution is diagonal.
We further discuss the case where the bath is a mixed state of the form: the initial state ρ0 = | ↑〉 ⊗ ρbwith a
maximum mixed state
ρb = ⊗Nj=1[(1 + p)/2|+〉〈+|j + (1− p)/2|−〉〈−|j]. (S21)
where the parameter p ∈ [−1, 1], so that the polarization along x-axis P = Np for bath spins. The state of system
evolves in time ρ(t) = exp(−iHt)ρ0 exp(iHt) and thus the spin polarization of central spin is given by Sz0(t) =
Tr[sz0ρ(t)]. From this result, we observe that there is no quantum collapse and revival for a fully mixed initial state
ρ0 of the bath( Boltzman distribution with β = 0) . As shown in Fig. S4, the larger is polarization along of bath x
direction, the better collapse and revival of the central spin polarization becomes.
Reduced density matrix.
According to Eq. (S14), the reduced density matrix of the central spin is obtained by tracing out the degrees of
freedom of bath spins. It reads
ρcs =
(
A(t) B(t)
C(t) D(t)
)
, (S22)
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FIG. S5: The evolution of coherence factor of central spin for a short time(upper panel) and a long time (lower panel) with
logarithmical scale in horizontal axis. The parameters: bath size N = 15, the magnetic field and coupling B = A = ∆ = 1.
where the four matrix elements are given by
A(t) =
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n|Pn↑ |2,
D(t) =
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n|Pn↓ |2,
B(t) =
N∑
n=0
√
Cn+1N C
n
N [sin
2(θ/2)]n+
1
2 [cos2(θ/2)]N−n−
1
2Pn+1↑ (P
n
↓ )
∗,
C(t) = B(t)∗.
By diagonalizing the reduced density matrix, we obtain the eigenvalues of ρcs
Λ1,2 =
1
2
± 1
2
√
(A−D)2 + 4BC. (S23)
The quantum purity and Von Neumann entropy are immediately found from ρcs
γ ≡ Tr[ρ2cs] =
1
2
+
1
2
[(A −D)2 + 4BC],
S(ρcs) ≡ −Tr[ρcs ln ρcs] = −Λ1 ln Λ1 − Λ2 ln Λ2,
and a detailed discussion of their time dependence is given in the main text.
Coherence factor.
The coherence factor is defined as S−0 (t) = 〈ψ(t)|s−0 |ψ(t)〉. It can be also written as S−0 (t) = Tr[ρcss−0 ], i.e., the
square norm of the coherence factor is simply given by the off-diagonal element of the reduced density matrix ρcs
|S−0 (t)|2 = |B(t)|2. (S24)
A plot of the time dependence of |S−0 (t)|2 is shown in Fig. S5. We observe that the evolution of the coherence factor
shows large regular revivals at short time. For the given initial state, the coherence factor nearly reaches a maximum
value of 0.25, which reflects the large similarity of the central spin state with |φ〉 = 1√
2
(| ↑〉0 + e−iφ| ↓〉0) (see the
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FIG. S6: The time evolution of the fidelity of the reduced density matrix of the central spin ρcs against the state |φ〉 = 1√
2
[| ↑
〉0 + e−iφ| ↓〉0] , here φ = pi/2, 3pi/2, for three different initial state angles of bath θ, whose maximum value of fidelity are
respectively 0.937, 0.987, 0.919. The parameters take A = ∆ = B = 1, N = 12.
discussion of fidelity below) near the middle point of collapse region. After a long time evolution, the coherence factor
randomly oscillates, due to dephasing induced by the Rabi oscillation terms cos(Ωn+1t) .
Fidelity.
We study the fidelity of the reduced density matrix of the central spin with the state |φ〉 = 1√
2
(| ↑〉0 + e−iφ| ↓〉0),
which is defined as follows
F (ρc,s, ρφ) =
[
Tr
√√
ρφρc,s
√
ρφ
]
. (S25)
Since ρφ = |φ〉〈φ| is a pure state, we simplify the above formula to F (ρc,s, ρφ) =
√〈φ|ρc,s|φ〉. Thus, the fidelity reads
F =
√
[1 +Be−iφ + Ceiφ]/2. (S26)
The features of the fidelity were discussed in connection with Fig. 4 of our main paper, where we observed that in the
middle of the collapse regime, the fidelity of the central spin against the state |φ〉 alternatively takes the maximum
(> 0.9) and minimum (< 0.2) values for the phase φ = pi2 and φ =
3pi
2 , respectively. The dependence of the maximum
achievable fidelity on the initial state angle of the bath is explored in Fig.S6.
Correlation function.
The longitudinal correlation function is defined
Gz(t) = 〈ψ(t)|sz0Jz |ψ(t)〉. (S27)
By using the wave function (S11), we derive the longitudinal correlation function as follows
Gz(t) =
1
2
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
[
(n− N
2
)|Pn↑ |2 − (n+ 1−
N
2
)|Pn↓ |2
]
. (S28)
After substituting the Pn↑ , P
n
↓ and simplifying the above formula, we can easily get the correlation function
Gz(t) =
1
2
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
[
(n− N2 )∆2n+1 − 2bn+1A2
(Ωn+1)2
+(n− N
2
+
1
2
)
4bn+1A
2
(Ωn+1)2
cos(Ωn+1t)
]
. (S29)
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FIG. S7: The time-dependent transverse correlation function GT (t) between the central spin and bath spins. Green line: the
real part of correlation function; Red line: the imaginary part of correlation fucntion. Bath size N = 15, the magnetic field
and coupling are B = A = ∆ = 1.
The time-dependent transverse correlation function is defined by
GT (t) = 〈Φ0|J+(t)s−0 |Φ0〉, (S30)
where J+(t) = eiHtJ+e−iHt. For the initial state |Φ0〉, the transverse correlation function also equals to
GT (t) = 〈ψ↑(t)|J+|ψ↓(t)〉.
Here the two wave functions are |ψ↑(t)〉 = e−iHt| ↑〉0|θ〉 and |ψ↓(t)〉 = e−iHt| ↓〉0|θ〉, which have been obtained in
previous parts of this supplementary material. After substituting the wave functions into the above formula, the
correlation function is obtained as
GT (t) =
1
2
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−n
{
2bnA∆n+1 − 2bn+1A∆n
ΩnΩn+1
sin(
Ωn
2
t) sin(
Ωn+1
2
t)
+i
[
2bn+1A
Ωn+1
sin(
Ωn+1
2
t) cos(
Ωn
2
t)− 2bnA
Ωn
sin(
Ωn
2
t) cos(
Ωn+1
2
t)
]}
. (S31)
The correlation function GT (t) measures the probability of the bath spins flipping up at time t when the central spin
flips down at the initial time t = 0. A plot of GT (t) is displayed in Fig. S7, showing the oscillatory nature of its time
evolution.
Loschmidt echo.
The Loschmidt echo is defined as L(t) = |〈Φ0|ψ(t)〉|2. After substituting the initial state |Φ0〉 and the wave function
|ψ(t)〉 = e−iHt|Φ0〉 into the definition, we obtain L(t) in terms of the overlap g(t) = 〈Φ0|ψ(t)〉, given by
g(t) =
N∑
n=0
CnN [sin
2(θ/2)]n[cos2(θ/2)]N−nPn↑ , (S32)
where Pn↑ = −i∆n+1Ωn+1 sin(
Ωn+1t
2 ) + cos(
Ωn+1t
2 ). The Loschmidt echo is obtained by taking the square norm of the
overlap L(t) = |g(t)|2. An example of time dependence is shown in Fig. S8.
The collapse and revival is robust against the inhomogeneity with the coupling. Seeing Fig. S9, there is still collapse
and revival in rather long time (t ∼ 200) at weak inhomogeneity α = 1.
Connection to the Jaynes-Cummings model.
Through the Holstein-Primakoff transformation, we built up in the main text the connection between the Hamil-
tonian of central spin model Eq. (3) to the Jaynes-Cummings model at a large N limit. This connection reveals a
8
00.5
1
(a)
pi/4
0
0.5
1
L
(t
)
(b)
pi/2
0 50 100 150 200 250 300 350 400 450 500
0
0.5
1
t
(c)
3pi/4
FIG. S8: The Loschmidt echo vs time for different initial state angles. (a): θ = pi/4; (b): θ = pi/2; (c): θ = 3pi/4. Bath size
N = 15. The magnetic field and coupling are B = A = ∆ = 1.
0 50 100 150 200 250 300 350 400
0
0.5
1
α = 0
0 50 100 150 200 250 300 350 400
0
0.5
1
L
(t
)
α = 1
0 50 100 150 200 250 300 350 400
0
0.5
1
α = 3
0 50 100 150 200 250 300 350 400
0
0.5
1
t
α = 5
FIG. S9: The Loschmidt echo vs time for different inhomogeneity factor α. Bath size N = 10. The magnetic field and coupling
are B = A = 1.
statistical nature of Holstein-Primakoff transformation. In fact, such a statistical connection demands a special choice
of initial state in the central spin model. Here the Figure S10 quantitatively shows how well the quantum collapse and
revival dynamics of central spin model with a large number of bath spins simulates the one of the Jaynes-Cummings
model with a certain average photon number.
Eigenstates.
Firstly, we assume that the eigenstate is a general superposition of all basis states
|u〉 =
N∑
n=0
αn| ↑〉0|n〉+
N∑
n=0
βn| ↓〉0|n〉. (S33)
The eigen-equation reads
H |u〉 = E|u〉. (S34)
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FIG. S10: Statistical mapping in Holstein-Primakoff transformation. (a), (b), and (c) show the evolutions of 2Sz0 at different
bath sizes N = 100, 500, 1000. Here we take detuning ∆n = 0 (namely, B = ∆ = 0), transverse coupling A = 1/
√
N , initial
state angle satisfying N sin2(θ/2) = 25. (d) shows the inversion of the Jaynes-Cummings model with detuning ∆JC = 0 and
average photon number 〈n〉 = 25, see Ref. [4]. We observe that the two figures (c) and (d) are almost identical, reflecting a
statistical mapping: from a fermionic field to a bosonic field.
where the action of H is given by
H | ↑〉0|n〉 = wn| ↑〉0|n〉+
√
bn+1A| ↓〉0|n+ 1〉,
H | ↓〉0|n〉 = −wn| ↓〉0|n〉+
√
bnA| ↑〉0|n− 1〉.
Comparing the amplitudes on both sides of Eq. (S34) immediately gives:
(E − wn)αn =
√
bn+1Aβn+1, (S35)
(E + wn)βn =
√
bnAαn−1. (S36)
We can obtain the eigenergy from the above two equations
E2 + (wn+1 − wn)E − [wnwn+1 + bn+1A2] = 0, (S37)
namely the eigenergy reads
E1,2n =
(wn − wn+1)±
√
(wn + wn+1)2 + 4bn+1A2
2
,
which actually are same as λ1,2 in Eq.(7). In fact, since the magnization is a conserved quantity ([H, s
z
0+J
z] = 0), we
can decompose the Hilbert space according to its eigenvalue. For the subspace with n flipped bath spins, the relevant
subspaces are given by
| ↑〉0|n〉 → | ↓〉0|n+ 1〉, (S38)
| ↓〉0|n〉 → | ↑〉0|n− 1〉, (S39)
which are in strict analogy to the Jaynes-Cummings model, where the excitation number is conserved. Therefore, we
obtain the following eigenfunctions
|u+n 〉 = | ↑〉0|n〉+
(wn − wn+1) + Ωn+1
2
√
bn+1A
| ↓〉0|n+ 1〉, (S40)
|u−n 〉 = | ↑〉0|n〉+
(wn − wn+1)− Ωn+1
2
√
bn+1A
| ↓〉0|n+ 1〉. (S41)
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After normalization, the eigenstates read [6]
|u+n 〉 = cos(θn)| ↑〉0|n〉+ sin(θn)| ↓〉0|n+ 1〉, (S42)
|u−n 〉 = sin(θn)| ↑〉0|n〉 − cos(θn)| ↓〉0|n+ 1〉, (S43)
here the angle satisfies tan(θn) =
√
Ωn+1+∆n+1
Ωn+1−∆n+1 .
INHOMOGENEOUS CASE
Bethe ansatz solution
The central spin model describes a spin coupled to bath spins via a long-range interaction, whose Hamiltonian is
written as
H = Bsz0 + 2
N∑
j=1
Ajs0 · sj , (S44)
here the subindex “0” labels the site of central spin, whereas the subindices 1→ N label the sites of the bath spins.
For our convenience in the following discussion, we introduce the anisotropic coupling parameters Aj = 1/(ǫ0 − ǫj)
with j = 1, . . . ,M , the magnetic field B = −2/g and central spin energy level ǫ0 = 0. Using the algebraic Bethe
ansatz, we can obtain the the eigenfunction of the Hamiltonian (S44) with M down spins [1, 2]
|ν1, · · · , νM 〉 =
M∏
α=1
Bνα | ⇑〉 =
M∏
α=1
∑
j
s−j
να − ǫj | ⇑〉. (S45)
Here we chose a fully polarized state | ⇑〉 as the reference state. There are M unknown variables {να} with α =
1, . . . ,M satisfy the Bethe ansatz equations
∑
j
1
να − ǫj =
2
g
+
M∑
β 6=α,β=1
2
να − νβ , α = 1, . . . ,M, (S46)
which are also called Richardson-Gaudin equations. There are CMN+1 sets of solutions to Eq(S46) and C
M
N+1 sets of
the eigenfunctions |ν1, · · · , νM 〉, forming the subspaces for M down spins. Moreover, eigenenergy is given by
E =
B
2
+
1
2
N∑
j=1
1
ǫ0 − ǫj −
M∑
α=1
1
ǫ0 − να . (S47)
We first consider the initial state |Φ0〉 = s−a1 · · · s−aM | ⇑〉, where s−aj is the lowering operator acting on the reference
state | ⇑〉. Here the index aj denotes the spin flipping site, ranging from “0” to “N”. The wave function evolves in
time |ψ(t)〉 = e−iHt|Φ0〉. Using the Bethe ansatz wave function, we obtain exact evolution of spin polarization at an
arbitrary site j
szj (t) =
1
2
−
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
P∈{a1,··· ,aM}
1
M∏
α=1
(να,k − ǫPα)



∑
P
1
M∏
α=1
(να,k′ − ǫPα)


∑
j1<···<jM
(
M∑
α
δjjα )

 ∑
Q∈{j1,··· ,jM}
1
M∏
α=1
(να,k − ǫQα)



∑
Q
1
M∏
α=1
(να,k′ − ǫQα)

 cos(wkk′ t), (S48)
where “P” and “Q” mean summing over all permutations of indies {a1, · · · , aM} and {j1, · · · , jM}, respectively.
Here the parameters {ǫj} are introduced via the inhomogeneous couplings Aj = 1/(ǫ0 − ǫj) with a constant ǫ0 = 0,
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FIG. S11: Time evolution of central spin polarization for two different initial states: (a) Initial state with the locations of the
down spins at |ΦA〉 = |0, 1, 2, 3, 4〉. (b) Initial state with the locations of the down spins at |ΦB〉 = |0, 2, 4, 6, 8〉. Numerical
calculation was carried out from the result (S48) with the bath spins N = 10 and the number of down spins M = 5. (c) Time
average of central spin polarization, solid line denotes the result for the Initial state |ΦA〉, dashed line denotes the result for
the initial state |ΦB〉. This shows no thermaliztion even in long time limit.
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FIG. S12: The central spin polarization evolve with time by exact diagonalization under different uniform factor α and bath
number N , where the isotropic coupling take Aj = A exp(−α(j − 1)/N), A = 1, B = 1,.
providing a realistic randomness of bath spins. Whereas {νk} denote the roots of the Bethe ansatz equations, Nνk
is the normalization factor of the Bethe ansatz wave function. The Rabi frequencies between different energy levels
wkk′ = Ek′ − Ek are determined by the Bethe ansatz solution. Coherent nature of these Rabi oscillations leads to a
rich quantum dynamics [3]. Fig S11 (a) and (b) show time evolution of central spin polarization, where we considered
an exponential decay of coupling amplitudes Aj = A/N exp(−j/N) with j = 1, . . . , N . For different intinial states,
the central spin polarization displays oscillation structure in time, revealing the propagation of the local information
into bath spins. We observe that the system does not get thermalized even in an infinitely long time.
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Inhomogeneity effect
In order to characterize the effect of inhomogeneous couplings, we first consider a quantity, which is called reduced
bath angular momentum ,
R˜ =
〈Jˆ2〉in
〈Jˆ2〉ho
= 〈Jˆ2〉/N
2
(
N
2
+ 1) (S49)
where the bath spin operator Jˆ =
∑
j sˆj , the subindexies ”in, ho ” refer to the inhomogeneous case or homogeneous
case.
We now show the condition of existence of conserved quantity Jˆ2. The Hamiltonian
H = Bsz0 + 2
N∑
j=1
Ajs0 · sj , (S50)
at the same time bath spin operator Jˆ2 =
∑
m
∑
n sm · sn. We calculate the commutator [H, Jˆ2]
[H, Jˆ2] = 2
∑
j
Aj
∑
m
∑
n
[s0 · sj, sm · sn]
=
∑
j
Aj
∑
m
∑
n
{[s0 · sj, sj · sn]δjm + [s0 · sj, sm · sj ]δjn}
= 2
∑
j
Aj
∑
m
{(s0 · sj)(sj · sm)− (sj · sm)(s0 · sj)}
= 2
∑
j
Aj
∑
m
{(s0 · sm)I + i(s0 × sm) · sj − (sm · s0)I − i(sm × s0) · sj}
= 2[i
∑
j
∑
m
Aj(s0 × sm) · sj + i
∑
j
∑
m
Am(s0 × sj) · sm]
= 2[i
∑
j
∑
m
Aj(s0 × sm) · sj + i
∑
j
∑
m
Am(sm × s0) · sj ]
= 2[i
∑
j
∑
m
(Aj −Am)(s0 × sm) · sj].
Thus we see clearly that only if Aj = Am for arbitrary j,m ( homogeneous coupling ), then [H, Jˆ
2] = 0. The bath
spin Jˆ2 is conserved quantity only for homogeneous case, but not for inhomogeneous case.
When the coupling is homogeneous, the expectation value of the operator 〈Jˆ2〉 = N2 (N2 + 1), namely the bath can
be regarded as a collective large spin, so that R˜ = 1. While coupling is inhomogeneous, the angular momentum of
the bath will change with the time. The value of R˜ is determined by the interaction distribution. The evolution of
bath inhomogeneity R˜ evolve with time for different inhomogeneity factor α, shown in Fig. S13.
The collective bath projector operator Pˆbath.
The projector operator Pˆbath of collective bath spin, Pˆbath =
∑
n |n〉〈n|. The expectation is given
〈ψ(t)|Pˆbath|ψ(t)〉 =
∑
n
|〈n|ψ(t)〉|2. (S51)
For homogeneouse case, we expand the wave function |ψ(t)〉 in the state basises | ↑〉0|n〉 and | ↓〉0|n〉
|ψ(t)〉 =
∑
n
an(t)| ↑〉0|n〉+
∑
n
bn(t)| ↓〉0|n〉. (S52)
Then we can obtain
|〈n|ψ(t)〉|2 = |an|2 + |bn|2. (S53)
The expectation value of the projector
〈ψ(t)|Pˆbath|ψ(t)〉 =
∑
n
(|an|2 + |bn|2). (S54)
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FIG. S13: The reduced bath angular momentum evolve with time at different inhomogeneous factor α. Here we take a setting
N = 10, B = A = 1.
Meanwhile, the normalization
〈ψ(t)|ψ(t)〉 =
∑
n
(|an|2 + |bn|2) = 1 (S55)
The expectation of the projector Pˆbath =
∑
n |n〉〈n| equal to one, since the bath projector operator is equivalent to
identity operator of homogeneous central spin.
I = (| ↑〉〈↑ |0 + | ↓〉〈↓ |0)⊗ Pˆbath (S56)
The expectation value 〈ψ(t)|I|ψ(t)〉 = 〈ψ(t)|Pˆbath|ψ(t)〉 = 1 always holds, also see the Fig.4 in the paper, where we
discussed the expectation value of the bath projector Pˆbath for different inhomogeneous couplings of the α. A large
inhomogeneity factor α makes the wave function have smaller overlap with the collective state basis | ↑〉0|n〉 and
| ↓〉0|n〉.
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FIG. S14: The the expectation values of the bath projector for two types of coupling constants: Ising-type central spin
model H = Bsz0 + 2
∑N
j=1
∆j s
z
0s
z
j (left column) with ∆j = A exp(−α(j − 1)/N) and XX-type central spin model H =
Bsz0 + 2
∑N
j=1
Aj(s
x
0s
x
j + s
y
0
s
y
j ) (right column) with Aj = A exp(−α(j − 1)/N). Here we take a setting N = 10, B = A = 1.
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